1. Introduction
===============

Viral infections are typically described as being of either short (acute) or long (chronic) duration representing fundamentally different types of virus--host interaction. However, there is increasing evidence that individuals whose immune systems are compromised can shed what are normally considered acute viruses for far longer time periods. Important examples are provided by RNA viruses such as influenza A virus ([@vex018-B38]; [@vex018-B50]), rhinovirus ([@vex018-B24]), and poliovirus, where, remarkably, chronic infections of up to 28 years have been reported ([@vex018-B16]). As well as its obvious clinical importance, such chronic shedding of normally acute viral infections may have major implications for virus evolution and emergence, including the generation of antigenic variation ([@vex018-B33]; [@vex018-B15]), drug resistance ([@vex018-B34]; [@vex018-B40]), and even novel emerging viruses ([@vex018-B52]).

Noroviruses (NoVs; family *Caliciviridae*) are also considered 'acute' pathogens that cause sporadic and epidemic gastrointestinal infections in humans ([@vex018-B44]). While the majority of NoV infections are mild and self-limiting with symptoms lasting for 1--3 days ([@vex018-B29]), infection within an immunocompromised host can result in severe and prolonged illness, where the infection persists for months to years without intervention \[reviewed in ([@vex018-B8])\]. Chronic NoV infections have been described in a range of clinical settings and immunodeficiency types including individuals with cancer ([@vex018-B31]; [@vex018-B11]; [@vex018-B41]), HIV/AIDS ([@vex018-B14]; [@vex018-B13]; [@vex018-B53]), congenital conditions ([@vex018-B20]; [@vex018-B10]; [@vex018-B19]), and also deficiencies associated with immunosuppressive therapy in hematopoietic stem cell or solid organ transplant recipients ([@vex018-B28]; [@vex018-B39]; [@vex018-B43]; [@vex018-B6]; [@vex018-B4]; [@vex018-B42]).

A common feature of prolonged NoV infections are high rates of evolution with exceptional viral diversity when compared to acute infections ( [@vex018-B35]; [@vex018-B12]; [@vex018-B10]; [@vex018-B23]). This has led to suggestions that immunocompromised individuals with chronic NoV infections could act as reservoirs for the emergence of novel variants that have significantly diverged to escape herd immunity ([@vex018-B47]; [@vex018-B51]; [@vex018-B25]). Supporting this notion is that the genetically diverse variants produced during these chronic infections have been shown to be antigenically variable ([@vex018-B15]). This is also the case for influenza virus, where antigenic variation generated within a chronically infected, immunocompromised host mimicked that observed in the wider-community of circulating strains at epidemiological scales ([@vex018-B33]). Additionally, such patients have been a source for the rapid emergence of drug resistance variants ([@vex018-B34]; [@vex018-B40]). More generally, it has been proposed that because of their severely weakened immune systems, AIDS patients could be an important driver of the emergence of viruses in general, allowing novel pathogens to more easily acquire the suite of mutations necessary to adapt to a new human host ([@vex018-B52]).

Despite the potential importance of extended periods of replication in immunocompromised hosts to viral evolution and emergence, to date there has been no work to address these key issues quantitatively. Additionally, from a phylodynamics perspective ([@vex018-B22]), there is clearly a need to develop models that fully integrate the dynamics of evolutionary change at different scales. In particular, it is important not only to define pathogen evolution at the level of individual hosts (intra-host), and in multiple hosts at the epidemiological scale (inter-host), but also to link these scales in a quantitatively rigorous manner ([@vex018-B37]). Furthermore, phylodynamic models need to better account for the complexity of host factors, particularly immune status, that contribute to variation in the natural history of infection and ultimately to different trajectories of pathogen evolution. Indeed, as the immune response may be a major selective pressure shaping intra-host pathogen evolution, it is unsurprising that removing these selective barriers, as in immunocompromised hosts, would significantly impact the pattern and dynamics of pathogen evolution.

To determine how viral evolution in immunocompromised hosts may impact larger-scale viral evolution and emergence we developed a mathematical model based on the standard epidemiological categorization of susceptible, infected and recovered individuals (i.e. the SIRS model) ([@vex018-B1]) that, importantly, incorporates measures of pathogen evolution to reveal the relative contribution of immunocompromised hosts to the overall pathogen evolution. We apply this model to human NoV as a real data example, and demonstrate that despite the apparent capacity for immunocompromised hosts to generate significant diversity during infection, the relative isolation and rarity of such hosts in the community limits their impact on NoV evolution and epidemiology. This model provides a generalizable framework for estimating the influence and interactions across different scales of pathogen evolution.

2. Models and methods
=====================

To measure the contribution of rapidly evolving pathogens in chronically infected, immunocompromised hosts to the overall dynamics of pathogen evolution, we constructed a mathematical model with two major components. First, the between-host dynamics of the pathogen were modeled using a standard SIRS model of an epidemic in a closed population with a small proportion of immunocompromised hosts. The SIRS model determines the equilibrium numbers of new cases in immunocompromised and immunocompetent hosts per unit time as a function of the epidemiological parameters. Second, these infection rates were combined with the nucleotide substitution rate of the pathogen in each host subpopulation to determine the subpopulation-level nucleotide substitution rates. The ratio of these quantities was then used to measure the relative contribution of pathogen populations in each host subpopulation to the overall pathogen evolution.

2.1 The epidemiological model
-----------------------------

We consider a population of constant size $N$ with a constant proportion $c$ of immunocompromised individuals where there are no births or deaths and infection does not kill hosts so that all cases recover, become immune and then susceptible to reinfection. For convenience, the complementary proportion $1 - c$ is referred to as the 'general' subpopulation that we assume occupies the same area of constant size as the immunocompromised subpopulation. Let $S_{c},~I_{c},~and~R_{c}$, be the numbers of susceptible, infectious, and recovered individuals, respectively, who are immunocompromised at time $t$, and let $S,~I,~R,$ be the corresponding numbers for the general subpopulation at time $t$. Let $\beta_{c}$, $\gamma_{c}$, and $\theta_{c}$ be the transmission, recovery, and loss of immunity rates for immunocompromised people who can become chronically infected with the pathogen, and let $\beta$, $\gamma$, and $\theta$ be the transmission, recovery and loss of immunity rates for the general subpopulation. In the [Supplementary Material](#sup1){ref-type="supplementary-material"}, Part A, we also consider a single outbreak model where reinfection is not possible and so $\theta = \theta_{c} = 0$.

Importantly, within the context of this model, we define 'immunocompromised hosts' as those with more severe immunodeficienies, and hence that proportion of the population who are more likely to result in long-term chronic infections by typically acute pathogens. As many of these immunocompromised individuals will be isolated within the community or in a hospital, the model also considers the effects of 'quarantining' a proportion $q$ of immunocompromised individuals through reducing the infection rates in both the general and immunocompromised subpopulations.

The dynamics are governed by the following differential equations: $$\frac{dI}{dt} = \beta S\left( I + \left( 1 - q \right)I_{c} \right)/N - \gamma I,$$$$\frac{dR}{dt} = \gamma I - \theta R,$$$$\frac{{dI}_{c}}{dt} = \frac{\beta_{c}S_{c}\left( {1 - q} \right)\left( {I + \left( {1 - q} \right)I_{c}} \right)}{N - \gamma_{c}I_{c}},$$$$\frac{{dR}_{c}}{dt} = \gamma_{c}I_{c} - \theta_{c}R_{c},$$ where $S = \left( {1 - c} \right)N - I - R$ and $S_{c} = cN - \operatorname{}I_{c} - \operatorname{}R_{c}$. From this model, the basic reproductive number was calculated using the next generation method (see the [Supplementary Material](#sup1){ref-type="supplementary-material"}, Part B) as $$R_{0} = \frac{\beta\left( {1 - c} \right)}{\gamma} + \frac{\beta_{c}c\left( {1 - q} \right)^{2}}{\gamma_{c}}.$$

When this quantity is less than unity, the disease-free equilibrium is stable; otherwise at equilibrium the pathogen is endemic in the host population ([@vex018-B49]). This model can be rescaled to: $$\frac{di}{d\tau} = \frac{\beta\left( {1 - c} \right)}{\gamma}\left( {1 - i - r} \right)\left( {i + \frac{\left( {1 - q} \right)c}{1 - c}i_{c}} \right) - i,$$$$\frac{dr}{d\tau} = i - \frac{\theta}{\gamma}r,$$$$\frac{{di}_{c}}{d\tau} = \frac{\gamma_{c}}{\gamma}\left( {{\frac{\beta_{c}{c{1 - q}}^{2}}{\gamma_{c}}{1 - i_{c} - r_{c}}{\frac{1 - c}{c{1 - q}}i + ~i_{c}~}} - i_{c}} \right),$$$$\frac{{dr}_{c}}{d\tau} = \frac{\gamma_{c}}{\gamma}\left( {i_{c} - \frac{\theta_{c}}{\gamma_{c}}r_{c}} \right),$$ where $I = i\left( 1 - c \right)N$, $R = r\left( 1 - c \right)N,~I_{c} = i_{c}cN$, $R_{c} = r_{c}cN$, and $t = \tau/\gamma$. The initial conditions are $S\left( 0 \right) = \left( {1 - c} \right)N - 1$, $I\left( 0 \right) = 1$, and $S_{c}\left( 0 \right) = cN$ with all other variables set to zero.

From this, six dimensionless quantities were derived that are relevant to the dynamics of this epidemiological model: (1) the ratio of infection duration ($\gamma_{c}/\gamma$), (2) the ratio of the initial susceptible fraction of hosts ($\left( {1 - q} \right)c/\left( 1 - c \right)$), (3) the expected number of secondary cases in the general population due to an infected host in the general population ($\beta\left( 1 - c \right)/\gamma$), (4) the expected number of secondary cases in the immunocompromised population due to an infected immunocompromised host ($\beta_{c}c\left( 1 - q \right)^{2}/\gamma_{c}$), (5) the ratio of duration of infection to the duration of immunity for the general ($\theta/\gamma$), and (6) immunocompromised populations ($\theta_{c}/\gamma_{c}$).

Finally, we let ${{\hat{I}}_{c},~{\hat{R}}_{c},and~\hat{S}}_{c}$ be the equilibrium number of immunocompromised people infected with, immune to and susceptible to being infected by the pathogen, respectively, and $\hat{I},~\hat{R},~\hat{S}$ be the equilibrium numbers for all other people when the pathogen is endemic. These can be found by either solving the differential Equations (1) when $dI/dt = dR/dt = dI_{c}/dt = dR_{c}/dt = 0$, or by numerically solving the system of equations, and are functions of the six epidemiological parameters of the model (that is, $\gamma_{c}/\gamma$, $c\left( 1 - q \right)/\left( 1 - c \right)$, $\beta\left( 1 - c \right)/\gamma$, $\beta_{c}{c\left( 1 - q \right)}^{2}/\gamma_{c}$, $\theta/\gamma$, $\theta_{c}/\gamma_{c}$). These determine the numbers of new infections per unit time at endemic equilibrium in the general and immunocompromised populations: $$\frac{\beta\hat{S}}{N}\left( {\hat{I} + \left( {1 - q} \right){\hat{I}}_{c}~} \right) = \gamma\hat{I} = \hat{R}\theta,$$$$\frac{\beta_{c}\left( {1 - q} \right){\hat{S}}_{c}}{N}\left( {\hat{I} + \left( {1 - q} \right){\hat{I}}_{c}~} \right) = \gamma_{c}{\hat{I}}_{c} = \theta_{c}{\hat{R}}_{c}.$$

2.2 Incorporating rates of pathogen nucleotide substitution into the model
--------------------------------------------------------------------------

We next considered the evolution of the pathogen within this epidemiological system. To measure the relative contribution by each subpopulation (general and immunocompromised) to the overall evolution of the pathogen we determined a relative substitution rate (at the population level) at endemic equilibrium in the immunocompromised subpopulation when compared to the general subpopulation, $K_{c}$. If this quantity is much less than unity ($K_{c} \ll 1$), then we can infer that persistently infected immunocompromised hosts do not make a significant contribution to pathogen evolution. In contrast, if this quantity is of the order of unity or above, then we can suppose that immunocompromised hosts play a key role in pathogen evolution. If $k$ and $k_{c}$ are the rates of pathogen nucleotide substitution per unit time within hosts in the general and immunocompromised subpopulations, respectively, then since the durations of infection are $1/\gamma$ and ${1/\gamma}_{c}$ for the two subpopulations, the population-level relative substitution rate at endemic equilibrium is: $$K_{c} = \frac{k_{c}\gamma\beta_{c}\left( 1 - q \right){\hat{S}}_{c}\left( \hat{I} + \left( 1 - q \right)~{\hat{I}}_{c} \right)/N}{k\gamma_{c}\beta\hat{S}\left( \hat{I} + \left( 1 - q \right)~{\hat{I}}_{c} \right)/N} = \frac{k_{c}{\hat{I}}_{c}}{k\hat{I}}.$$

This quantity is linearly dependent on the relative rate of nucleotide substitution ($k_{c}/k$), as well as the number of hosts infected with the pathogen in the general and immunocompromised populations at endemic equilibrium ($\hat{I}$ and ${\hat{I}}_{c}$). The analytical expressions of $\hat{I}$ and ${\hat{I}}_{c}$ are complex so we do not reproduce them here. However, they depend on the six epidemiological parameters of the model (that is, $\gamma_{c}/\gamma$, $c\left( 1 - q \right)/\left( 1 - c \right)$, $\beta\left( 1 - c \right)/\gamma$, $\beta_{c}{c\left( 1 - q \right)}^{2}/\gamma_{c}$, $\theta/\gamma$, and $\theta_{c}/\gamma_{c}$). Importantly, this suggests the combinations of parameters to vary when considering the sensitivity of $K_{c}$ to uncertainty in parameters.

When the proportion of immunocompromised hosts is small ($c \ll 1$) we can approximate $K_{c}$ by a Taylor expansion around the point $c = 0$ (see the [Supplementary Material](#sup1){ref-type="supplementary-material"}, Part C) as $$K_{c} = \frac{k_{c}{\hat{I}}_{c}}{k\hat{I}} \approx c\left( \frac{k_{c}}{k} \right)\left( {\left( {1 - \frac{\gamma}{\beta}} \right)\left( \frac{\frac{\gamma_{c}}{\theta_{c}~}~ + ~1}{\frac{\gamma}{\theta~}~ + ~1} \right) + \frac{\gamma_{c}}{\beta_{c}\left( 1 - q \right)}} \right)^{- 1}.$$

Hence, when the proportion of immunocompromised hosts $c$ is small, $K_{c}$ is proportional to $c$. The quantity $K_{c}$ is also an increasing function of the duration of infection in immunocompromised hosts $\frac{1}{\gamma_{c}}$. The above equation shows that as parameters for immunocompromised hosts approach those of the general population $K_{c}$ approaches $\left. {c\left( k \right.}_{c}/k \right)$ as expected.

Implicit in our modeling framework is that there is no selective advantage of novel genetic variants \[i.e. they do not alter pathogen dynamics described by Equation (1)\] and that immunocompromised hosts are just as likely as the general population to generate viable variants. While it may be more realistic that immunocompromised hosts have a reduced capacity to select for immune escape variants than hosts of the general population given that immune pressure is less, it is difficult to measure effects of individual mutations without considering their phylogenetic context. Therefore, for this particular model, we consider all the nucleotide substitutions that occur through the epidemic to be effectively neutral.

To calculate the population-level relative substitution rate under the single-outbreak model (described in the [Supplementary Material](#sup1){ref-type="supplementary-material"}, Part A) we used the final numbers of infections in the general and immunocompromised populations, $\omega$ and $\omega_{c}$, in place of the numbers of new infections per unit time at endemic equilibrium so that: $$K_{c} = \frac{k_{c}\omega_{c}\gamma}{k\omega\gamma_{c}}.$$

These 'attack rates', $\omega$ and $\omega_{c}$, can be found by numerically solving the system of differential Equations (1) with $\theta = \theta_{c} = 0$. We note that in a standard SIR model, if the attack rate ($\omega$) is known, then the basic reproductive number ($R_{0}$) can be estimated from the final size equation: $$1 - \omega/N = e^{- R_{0}\omega/N}.$$

2.3 Application of model to NoV epidemiology and evolution
----------------------------------------------------------

Next, as a case study, we apply our model to human NoV infections, and particularly, the GII.4 viruses, which are the predominant cause of acute gastroenteritis in both a sporadic and outbreak setting globally ([@vex018-B44]). Critical parameters such as $\gamma$, $\gamma_{c}$, $R_{0}$,$~\theta$, $\theta_{c}$, $k$ and $k_{c}$ were estimated directly from the literature on NoV evolution and epidemiology. First, we can derive $\gamma$ and $\gamma_{c}$ from the average duration of illness (or infection). In a healthy host, NoV causes an infection with a symptomatic period of approximately two days ([@vex018-B29]), although viral shedding will continue for a further two to four weeks ([@vex018-B48]; [@vex018-B3]). Given that most transmission will occur when the host is symptomatic and the viral load is high, we used a value of seven days for the duration of infection ($1/\gamma$) for the general population. In contrast, for an immunocompromised host, the infection will generally persist until the immune status has been restored, so that infections can last for months or even years ( [@vex018-B35]; [@vex018-B12]; [@vex018-B6]). Consequently, the duration of infection in the immunocompromised population ($1/\gamma_{c}$) is expected to be longer and more variable, and in our model we explored this parameter using values ranging from 7 days to twelve months.

For the basic reproductive number ($R_{0}$), a previous model of NoV epidemiology used values of 1.64, 3.28, and 4.92 to represent low-, medium-, and high-transmission settings, respectively ([@vex018-B30]). Here, we used the more conservative $R_{0}$ value of 1.64 (range: 1--4.5), which corresponds to a final attack rate of 67% \[according to [Equation (8)](#E15){ref-type="disp-formula"}\] as it is largely consistent with reported primary attack rates for NoV outbreaks ([@vex018-B32]). In our model, we use $R_{0}$ to calculate the transmission rates for the general and immunocompromised populations by assuming that $\beta_{c} = \beta$ so that $$\beta_{c} = \beta~ = \frac{R_{0}\gamma\gamma_{c}}{\left( {1 - c} \right)\gamma_{c} + c\left( 1 - q \right)^{2}\gamma},$$

\[according to [Equation (2)](#E5){ref-type="disp-formula"}\]. We explored the effects of varying the quarantine parameter ($q$) with values of 0.1, 0.5 and 0.9.

Third, for estimates of substitution rates, most studies of NoV evolution report population level (i.e. epidemiological scale) rates of between 2 and 4 × 10^−3^ nucleotide substitutions per site per year (subs/site/year) depending on the strain, gene, and method used for analysis ([@vex018-B7]; [@vex018-B9]). Therefore, we used a substitution rate for our general subpopulation ($k$) of 3 × 10^−3^ subs/site/year (range: 2--4 × 10^−3^ subs/site/year). In immunocompromised hosts, rates of NoV evolution are generally greatly elevated compared to a typical infection in a healthy host, with rates reported between 1.85 and 2.66 × 10^−2^ subs/site/year in the viral capsid gene ([@vex018-B35]; [@vex018-B12]; [@vex018-B23]). However, in such hosts, pathogens are likely subject to weaker immune selection pressure such that it seems reasonable to expect that they will not commonly generate immune escape variants. Hence, we are interested in the case where immunocompromised hosts can conceivably generate epidemiologically important variants due to genetic drift, immune pressure operating at a low level, and high rates of viral evolution so that the within-host substitution-rate ratio ($k_{c}/k$) is non-zero. Accordingly, we explored this parameter using four values of 0.1, 1, 5, and 10, respectively.

Fourth, $\theta$ and $\theta_{c}$ can be derived from the average duration of immunity, which for NoV has not been well-defined. Early volunteer studies suggested protective immunity may last from 2 months to 2 years ([@vex018-B36]). Using a NoV transmission modeling approach, it was estimated that the mean duration of immunity ranged from ≈4 to 8 years ([@vex018-B45]). To bridge some of this uncertainty, we used a mean value of 3 years (range: 2.0--4.0 years) for the duration of immunity ($1/\theta$) for the general subpopulation. In contrast, the duration of immunity in the immunocompromised subpopulation ($1/\theta_{c}$) is likely to be much shorter and immunity may even be non-existent in these hosts. We explored these two scenarios by using the values of 2 years (to represent a short duration of immunity) and 3 days (to represent no immunity), respectively.

Finally, to estimate the proportion of the population that were severely immunocompromised ($c$), we based our values on a review of data from the United States that measured the risk of serious influenza-associated complications in immunosuppressed populations; this estimated that there were approximately 3.5 million immunocompromised individuals present in the US, or ∼0.01 of the total population ([@vex018-B27]). Importantly, this included many groups at risk of chronic NoV infections such as HIV/AIDS and transplant patients, as well as newly diagnosis case of hematological and invasive solid-organ cancers. Hence, this definition deliberately focuses on patients with more severe immune deficiencies, that are more likely to host the complex chronic infections with acute viruses described here (i.e. infections measured in months and years with significantly increased viral diversity), rather than simply any host with a weakened immune system such as the young, pregnant women and the elderly ([@vex018-B46]). Still, as this definition of immunocompromised is broad, we set this as the upper bound of our model and instead chose a middle value for $c$ of 0.001 (range: 0.0001--0.01). All of the key parameter values used for the analysis of NoV evolution are summarized in [Table 1](#vex018-T1){ref-type="table"}. Table 1.Model parameter estimates for NoV.SymbolParameterEstimates considered$1/\gamma$Infection duration, general7 days$1/\gamma_{c}$Infection duration, immunocompromised7 days--12 months$k_{c}/k$Substitution rate ratio0.1, 1, 5, 10$1/\theta_{c}$Immunity duration, immunocompromised3 days and 2 years$q$Quarantine parameter0.1, 0.5, and 0.9$N$Population size10^6^SymbolParameterMean/modeLower boundUpper bound$R_{0}$Basic reproduction number1.64[^a^](#tblfn1){ref-type="table-fn"}14.5$1/\theta$Duration of immunity, general324$k$Substitution rate, general0.0030.0020.004$c$Proportion immunocompromised10^−3^10^−4^10^−2^[^4]

2.4 Sensitivity analysis
------------------------

To determine how robust our results are to variation in parameter values, particularly those with the greatest uncertainty, a sensitivity analysis was performed by sampling 1,000 points in the parameter space using the Latin Hypercube Sampling method ([@vex018-B5]). Parameters were sampled from either a triangular, normal, or log normal distribution. Specifically, the basic reproductive number for the general population ($R_{0}$) was sampled from a triangular distribution with mode 1.64, lower bound 1, and upper bound 4.5; the proportion of the population immunocompromised ($c$) was sampled from a log normal distribution of base 10 with ${\log_{10}\left( \mathit{mean} \right)} = - 3$ and ${\log_{10}\left( \mathit{standard}\ \mathit{deviation} \right)} = 0.3$; the duration of immunity in the general population ($1/\theta$) was sampled from a triangular distribution with mode 3, lower bound 2, and upper bound 4; while the general population nucleotide substitution rate ($k$) was sampled from a normal distribution with mean 0.003 and standard deviation 0.0003. All other parameters were held constant ([Table 1](#vex018-T1){ref-type="table"}).

3. Results
==========

3.1 Numerical results for model of NoV evolution in immunocompromised hosts
---------------------------------------------------------------------------

The mathematical model developed here suggests that there are seven key biological parameters that govern the contribution of immunocompromised hosts to the overall pathogen evolution. These are: (1) the ratio of the initial susceptible fraction of hosts ($\left( {1 - q} \right)c/\left( 1 - c \right)$), (2) the ratio of infection duration ($\gamma_{c}/\gamma$), (3) the expected number of secondary cases in the general population due to a host in the general population ($\beta\left( 1 - c \right)/\gamma$), (4) the expected number of secondary cases in the immunocompromised population due to an immunocompromised host ($\beta_{c}c\left( 1 - q \right)^{2}/\gamma_{c}$), (5) the ratio of duration of infection to the duration of immunity for the general ($\theta/\gamma$), (6) immunocompromised populations ($\theta_{c}/\gamma_{c}$), and (7) the relative rate of nucleotide substitution ($k_{c}/k$). Here, we have applied this model to the case study of human NoV infections.

To investigate the effects of these parameters on the relative population-level substitution rate ($K_{c}$), we plot $K_{c}$ as a function of model parameters ([Fig. 1](#vex018-F1){ref-type="fig"} and [Supplementary Material](#sup1){ref-type="supplementary-material"}, Fig. C1). In this analysis, we map two key parameters to the value of $K_{c}$, while holding all other parameters constant with the best estimates for each of the key parameters identified with a red diamond. From this, it is clear that $K_{c}~$increases as the ratio of the initial fraction of susceptible hosts \[$\left( {1 - q} \right)c/\left( 1 - c \right)$\] increases ([Fig. 1a](#vex018-F1){ref-type="fig"}), the relative duration of infection ($\gamma_{c}/\gamma$) decreases ([Fig. 1a](#vex018-F1){ref-type="fig"}), and the relative nucleotide substitution rate ($k_{c}/k$) increases (compare [Fig. 1](#vex018-F1){ref-type="fig"} where $k_{c}/k = 1$ and [Supplementary Material](#sup1){ref-type="supplementary-material"}, Fig. D1 where $k_{c}/k = 5$). Additionally, $K_{c}$ was found to increase when the expected number of secondary cases in the immunocompromised population due to a host in the immunocompromised population ($\beta_{c}c\left( 1 - q \right)^{2}/\gamma_{c}$) increases ([Fig. 1b](#vex018-F1){ref-type="fig"}), and the expected number of secondary cases in the general population due to a host in the general population ($\beta\left( 1 - c \right)/\gamma$) decreases ([Fig. 1c](#vex018-F1){ref-type="fig"}). $K_{c}$ also increases as the ratio of duration of infection to the duration of immunity for the general population ($\theta/\gamma$) decreases ([Fig. 1b](#vex018-F1){ref-type="fig"}), although if the expected number of secondary cases in the immunocompromised population due to a host in the immunocompromised population ($\beta_{c}c\left( 1 - q \right)^{2}/\gamma_{c}$) is very small, $\theta/\gamma$ appears to have a minor effect on $K_{c}$. Similarly, if the expected number of secondary cases in the general population due to a host in the general population ($\beta\left( 1 - c \right)/\gamma$) is small enough, increasing the ratio of duration of infection to the duration of immunity for the immunocompromised populations ($\theta_{c}/\gamma_{c}$) acts to increase $K_{c}$ ([Fig. 1c](#vex018-F1){ref-type="fig"}); otherwise $\theta_{c}/\gamma_{c}$ appears to have a minor effect on $K_{c}$. These results are reinforced by the linear approximation of $K_{c}$ around the point $c = 0$ \[[Equation (6)](#E13){ref-type="disp-formula"}\].

![Model estimates for the contribution of immunocompromised hosts to NoV evolution. The relative substitution rate (at the population level) in the immunocompromised population versus the general population $K_{c}$ when $k_{c}/k = 1$ and $N = 10^{6}$ (a) $R_{0} = 1.64$, $1/\theta_{c}\operatorname{} = 3~\text{days},~1/\gamma\operatorname{} = 7~\text{days}$, $c = 0.001$, $1/\theta\operatorname{} = 3~\text{years}$, $k = 0.003$, $1/\gamma_{c}~ \in ~\left\lbrack 1/12,1 \right\rbrack~\text{years}$, and $q \in \left\lbrack 0,1 \right\rbrack$; (b)$~R_{0} = 1.64$, $1/\theta_{c}\operatorname{} = 3~\text{days},~1/\gamma\operatorname{} = 7~\text{days}$, $c = 0.001$, $1/\gamma_{c}\operatorname{} = 1~\text{year}$, $k = 0.003$, $1/\theta \in \left\lbrack 2,4 \right\rbrack~\text{years}$, and $q \in \left\lbrack 0,1 \right\rbrack$; (c) $R_{0} = 1.64$, $1/\theta = 3~\text{years},~1/\gamma\operatorname{} = 7~\text{days}$, $c = 0.001$, $1/\gamma_{c}\operatorname{} = 1~\text{year}$, $k = 0.003$, $1/\theta_{c} \in \left\lbrack 3\text{~days},3~\text{years} \right\rbrack$, and $q \in \left\lbrack 0,1 \right\rbrack$. Red diamonds represent the best estimates of the parameters in the parameter space considered. The black lines correspond to the contours $K_{c} = 0.01,~0.05,~0.1$.](vex018f1){#vex018-F1}

In sum, our model shows that the contribution of immunocompromised hosts to the overall evolution of NoV increases as the nucleotide substitution rate ($k_{c}$) increases, the level of their quarantining ($q$) decreases, their population fraction increases ($c$), their duration of infection ($1/\gamma_{c}$) increases, and their duration of immunity ($1/\theta_{c}$) decreases. Importantly, when we consider the best estimates of our model parameters, the relative population-level substitution rate in the immunocompromised subpopulation versus the general subpopulation is less than 0.07 when $k_{c}/k \leq 1$, indicating that immunocompromised hosts will have a limited impact on the overall evolution of NoV at epidemiological scales unless their within-host substitution rate is much larger than that in other hosts. Hence, our results suggest that the rarity and isolation of immunocompromised hosts prevents them from substantially contributing to pathogen spread and evolution despite their increased duration of infection, reduced duration of immunity, and increased rates of evolution ([Fig. 2](#vex018-F2){ref-type="fig"}).

![Sensitivity analysis of model parameters. Frequency distributions of the relative nucleotide substitution rate at the population level in the immunocompromised population compared to the general population $\left( K_{c} \right)$ from sampling 1000 points of the parameter space using Latin Hypercube Sampling. Panels (a--c) $1/\gamma_{c} = \operatorname{}$1 month; Panels (d--f) $1/\gamma_{c} = 12$ months. Panels (a,d) $q = 0.1$; Panels (b,e) $q = 0.5$; Panels (c,f) $q = 0.9$. In all cases, $1/\gamma = 7$ days, $N = 10^{6}$, $1/\theta_{c}\operatorname{} = 3~\text{days}$, and $k_{c}/k = 1$.](vex018f2){#vex018-F2}

3.2 Sensitivity analysis
------------------------

To determine how robust our results are to any variation in key model parameters ($R_{0}$,$~c$, $1/\theta$, and $k$), we performed a sensitivity analysis, which outputs a frequency distribution rather than one outcome for the relative population-level substitution rate in the immunocompromised subpopulation versus the general subpopulation ($\left. K_{c} \right)$. For each simulation, all other parameters were held constant as per the values shown in [Table 1](#vex018-T1){ref-type="table"}.

A selection of the resulting frequency distributions for $K_{c}$, all of which are skewed to the right, are shown in [Fig. 2](#vex018-F2){ref-type="fig"} and [Supplementary Material](#sup1){ref-type="supplementary-material"}, Fig. E2 for given values of the quarantine parameter ($q$), duration of infection for immunocompromised hosts ($1/\gamma_{c}$), and the relative nucleotide substitution rate ($k_{c}/k$). The corresponding mean values ($\left\langle K_{c} \right\rangle$) are shown as a function of $1/\gamma_{c}$, for $q = 0.1,~0.5,~0.9$, $k_{c}/k = 0.1,~1,~10$, and $1/\theta_{c} = 3~$days and 2 years in [Fig. 3](#vex018-F3){ref-type="fig"} and [Supplementary Material](#sup1){ref-type="supplementary-material"}, Fig. E3. As expected, the ratio $k_{c}/k$ has a linear effect on the mean values $\left\langle K_{c} \right\rangle$, while the order of magnitude of $\left\langle K_{c} \right\rangle$ ranges from 0.0003 to 0.1 when $k_{c}/k = 1$ and $1/\theta_{c} = 3$ days ([Fig. 3a](#vex018-F3){ref-type="fig"}), and 0.0003--0.06 when $k_{c}/k = 1$ and $1/\theta_{c} = 2$ years ([Fig. 3b](#vex018-F3){ref-type="fig"}). Hence, varying the four parameters $R_{0}$,$~c$, $1/\theta$ and $k$ does not appear to raise the order of magnitude of the mean relative population level substitution rate to unity or above if $k_{c}/k \leq 1$. In fact, this only occurred when we considered the extreme parameter values of $k_{c}/k = 10$, ${1/\gamma}_{c} = 12~$months, ${1/\theta}_{c} = 3~$days and $q = 0.1$ ([Fig. 3a](#vex018-F3){ref-type="fig"}).

![Sensitivity analysis of model parameters. The mean relative nucleotide substitution rate at the population level in the immunocompromised population compared to the general population $\left\langle K_{c} \right\rangle$ (from sampling 1000 points of the parameter space using Latin Hypercube Sampling) as a function of the duration of infection in immunocompromised hosts ($1/\gamma_{c}$), for a range of values of the quarantine parameter ($q$), and the ratio of substitution rates (at the individual host level) ($k_{c}/k$). (a) SIRS model with $1/\theta_{c} = 3$ days and $N = 10^{6}$; (b) SIRS model with $1/\theta_{c} = 2$ years and $N = 10^{6}$. Blue lines with square markers indicate $k_{c}/k = 10$, red lines with diamond markers $k_{c}/k = 1$, and black lines with circle markers $k_{c}/k = 0.1$. Dotted lines indicate $q = 0.1$, dashed lines $q = 0.5$ and solid lines $q = 0.9$. Here $1/\gamma = 7$ days.](vex018f3){#vex018-F3}

To determine how large the immunocompromised population needs to be to raise the mean relative population level substitution rate to unity or above, we performed additional sensitivity analyses holding the proportion of immunocompromised hosts ($c$) fixed at $c = 10^{- 4},10^{- 3},10^{- 2},~~and~10^{- 1}$. The results are presented in [Fig. 4](#vex018-F4){ref-type="fig"} and show $\left\langle K_{c} \right\rangle$ as a function of $c$, for $q = 0.1,~0.5,~0.9$, $k_{c}/k = 0.1,~1,~10$, $1/\theta_{c} = 3~$days, and $1/\gamma_{c} = \operatorname{}$1 month and 12 months. These panels confirm robustness of the linear relationship between $c$ and $K_{c}$ as given by the Taylor series approximation in [Equation (6)](#E13){ref-type="disp-formula"}. When $k_{c}/k =$10, $c$ needs to be greater than $10^{- 3}$ to push $\left\langle K_{c} \right\rangle > 1$, while if $k_{c}/k = 1$, $c$ needs to be greater than $10^{- 2}$, and greater than $10^{- 1}$ if $k_{c}/k = 0.1$. If we restrict the results to those corresponding to high levels of quarantining of immunocompromised hosts ($q = 0.9$), or to those corresponding to a shorter duration of infection for immunocompromised hosts ($1/\gamma_{c} = \operatorname{}$1 month) then these limits increase by an order of magnitude. Considering a longer duration of immunity for immunocompromised hosts ($1/\theta_{c}$) further increases the value of $c$ needed to achieve $\left\langle K_{c} \right\rangle > 1$ (results not shown).

![Sensitivity analysis of model parameters. The mean relative nucleotide substitution rate at the population level in the immunocompromised population compared to the general population $\left\langle K_{c} \right\rangle$ (from sampling 1000 points of the parameter space using Latin Hypercube Sampling) as a function of the proportion of immunocompromised hosts ($c$), for a range of values of the quarantine parameter ($q$), and the ratio of substitution rates (at the individual host level) ($k_{c}/k$). (a) SIRS model with $1/\gamma_{c} = 1$ month and $N = 10^{6}$; (b) SIRS model with $1/\gamma_{c} = 1$ year and $N = 10^{6}$. Blue lines with square markers indicate $k_{c}/k = 10$, red lines with diamond markers $k_{c}/k = 1$, and black lines with circle markers $k_{c}/k = 0.1$. Dotted lines indicate $q = 0.1$, dashed lines $q = 0.5$ and solid lines $q = 0.9$. Here $1/\gamma = 7$ days and $1/\theta_{c} = 3$ days.](vex018f4){#vex018-F4}

In the [Supplementary Material](#sup1){ref-type="supplementary-material"}, Part D and E, we provide extended outputs for $K_{c}$, as well as extra sensitivity analysis details and results including when $\theta_{c} = \theta = 0$. These results show that the SIRS model and SIR model behave similarly when the duration of immunity for the general and immunocompromised populations are both large.

4. Discussion
=============

Understanding the epidemiological and evolutionary dynamics of pathogens requires analytical frameworks that account for the complexities of their interactions with hosts. Herein, we address one such interaction: how the extended replication of normally acute viral infections in immunocompromised hosts may impact viral evolution and emergence. We achieve this through the development of a mathematical model (presented as a graphical heuristic in [Fig. 5](#vex018-F5){ref-type="fig"}) that incorporates nucleotide substitution rates to measure the relative contribution of subpopulations to the overall dynamics of pathogen evolution at the epidemiological scale.

![Heuristic representation of the model results. Due to the small size of the subpopulation, immunocompromised hosts do not significantly contribute to the evolution of the pathogen, despite their higher molecular-substitution rate and longer infection durations.](vex018f5){#vex018-F5}

Using our model with the case study of human NoV infections we evaluated the impact of rapidly evolving, persistent viral populations in immunocompromised hosts to its overall evolutionary dynamics. At face value, the greatly elevated rate of nucleotide substitution of NoV within chronically infected immunocompromised hosts, combined with their characteristically long duration of infection, suggests that these hosts may be an important reservoir for novel viral variants ([@vex018-B47]; [@vex018-B51]; [@vex018-B25]). However, our numerical analysis using estimates derived from real data clearly shows that immunocompromised hosts do not significantly contribute to the overall rate of evolution for NoV at epidemiological scales, even when allowing for small quarantining effects, and with a variety of parameter values as reflected in the sensitivity analysis ([Figs 2--4](#vex018-F2){ref-type="fig"}). Hence, despite an increased rate of nucleotide substitution and an extended duration of infection, the rarity of immunocompromised hosts in the population limits their influence to broader NoV dynamics, which are still dominated by the lower evolutionary rates apparent in the general population.

These results help resolve uncertainty with respect to the impact of these novel, chronic NoV infections in immunocompromised hosts to broader dynamics of a pathogen that otherwise cause an acute infection. The capacity for severely immunocompromised hosts to generate genetically complex and diverse viral populations does not necessarily exclude them as a reservoir population for the emergence of novel variants; however, our results suggest that their impact is much less in relative terms than the weight of typical acute infections in otherwise healthy hosts that dominate the infected population. Indeed, in the case of NoV, the perceived lack of evolutionary 'intermediates' in phylogenies of pandemic GII.4 viruses, which are characterized by the rapid emergence of genetically distinct (i.e. an average 5% amino acid divergence in the VP1 capsid protein) and antigenically novel viruses ([@vex018-B26]), has led to suggestions that immunocompromised hosts play a key role as a 'source' population. There is, however, no clear evidence to support this hypothesis, as no GII.4 lineages appear to have arisen and spread in the population from a chronically infected, immunocompromised host, although the available sample is admittedly small. In addition, the observed evolutionary pattern of NoV at epidemiological scales can be explained by other factors within the typical acutely infected, immune competent population. For example, the pace with which novel variants emerge could be dominated by the strong and rapid influence of positive selection for variants that carry mutations capable of escaping herd immunity. Similarly, the genetic 'gaps' between different GII.4 variants may be explained by widespread recombination among circulating lineages ([@vex018-B17]) and inadequate global sampling. Indeed, both rapid positive selection and recombination were central to the emergence of the most recent pandemic GII.4 variant, known as Sydney 2012 ([@vex018-B18]).

Although our model has been applied to the specific example of human NoV infection, with suitable virus-specific modifications it may be informative in measuring the relative contribution of subpopulations characterized by greatly different durations of infection and substitution rates to the epidemiological scale of pathogen evolution in other acute RNA viruses. Indeed, our sensitivity analysis reveals that this model is robust to the proportion of immunocompromised hosts and how they interact with the general population. In this context, it is important that our modeling set an upper limit of 1% for the proportion of immunocompromised hosts ($c$), which may be conservative according to some broader definitions of 'immunocompromised' that include the whole spectrum of severity. However, there is still little data on those individuals with severe immunodeficiencies who are chronically infected with typically acute viruses that enable us to provide more precise model parameterization.

There are also obvious areas where our model could be improved and extended, and importantly, provide a means to further test the robustness of the NoV-specific conclusions presented here ([@vex018-B21]). First, we assume that all substitutions that occur in both the general and immunocompromised populations are of equal fitness, and do not adapt over the time-scale of sampling so as to impact epidemiological parameters. Hence, the progress of an epidemic is not directly influenced by the substitutions that accumulate under our model. Similarly, we do not assess any competition between any variants that arise during our simulated epidemics, therefore cross-immunity is not considered. While it may be more realistic that adaptive, immune escape variants are less likely to emerge in immunocompromised hosts, it is impossible to weigh the effects of any adaptive substitutions in this model, and in our model we focus on the appearance of new genetic variants in a heterogeneous host population, but not on the subsequent dynamics of those new variants. Second, we do not account for detailed host population structures that do exist in an institutional setting like hospitals and nursing homes, and may act as hubs for transmissions between immunocompromised patients and subsequently increase their relative contribution. Instead, we assume population homogeneity with respect to transmission, for both healthy and immunocompromised hosts, and that contact rates are only influenced by any quarantining effects. Third, we assume equal underlying transmission rates for each of our subpopulations. Transmission rates may depend on within-host dynamics ([@vex018-B2]) but here we instead modify transmission through a parameter that measures quarantining effects. Future developments could extend the model by including details of within host dynamics and the relationship between pathogen load and transmission. Fourth, incorporating the dynamics of transmission and the effects of strong genetic bottlenecks on the passage of substitutions between hosts may be of importance, particularly in typical acute infections. For NoV, one study has suggested that only a single minor variant establishes infection at transmission; however, the sample of this study was very small and further work is needed to confirm if such a strong transmission bottleneck is commonplace in nature ([@vex018-B10]). Finally, we have only considered the evolutionary dynamics within a closed population. A more realistic model could incorporate the birth and death of hosts and perhaps mutations that affect the course of and future epidemics.

In conclusion, our model shows, at least in the case of human NoV infection, that despite the apparent capacity of immunocompromised hosts to generate significant diversity during infection through increased rates of evolution and duration of infection, the relative isolation and rarity of such hosts limits their impact on the broader evolution and epidemiology of pathogens. Although the study of viral evolution in immunocompromised hosts may help reveal key aspects of the intimate relationship between hosts and their pathogens, we suggest that such individuals play only a minor role in shaping large-scale evolutionary patterns and processes.
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